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Abstract 

The effective field theory of massive gravity had long been formulated in 
a generally covariant way arXiv:hep-th/0210184, Using this formalism, it 
has been found recently that there exists a class of massive nonlinear the- 
ories that are free of the Boulware-Deser ghosts, at least in the decoupling 
limit arXiv: 1007.0443. In this work we study other recently proposed mod- 
els that go under the name of "gravitational Higgs theories" arXiv: 1002.3877, 
arXiv:1008.5132. We show that these models, although seemingly different 
from the effective field theories of massive gravity, are in fact equivalent to 
them. Furthermore, based on the results obtained in the effective field theory 
approach, we conclude that the gravitational Higgs theories need the same ad- 
justment of the Lagrangian to avoid the ghosts. We also show the equivalence 
between the noncovariant mode decomposition used in the Higgs theories, 
and the covariant Stiickelbergization adopted in the effective field theories, 
thus, proving that the presence or absence of the ghost is independent of the 
parametrization used in either theory. 



In order for the theory of a massive spin-2 particle to be consistent with four- 
dimentional Poincare symmetry, it should propagate five physical degrees of free- 
dom: helicity-±2, helicity-±l and helicity-O. The only ghost-free and tachyon-free 
quadratic potential that describes these modes is that of Fierz and Pauli [U [2]. 

As it is well known in the Fierz-Pauli theory, even in zero-mass limit, the helicity- 
mode couples to the trace of the matter energy-momentum tensor with the same 
strength as the helicity-2 does [3J, causing inconsistency with current observations. 
However, it has been argued by Vainshtein [4] that this discontinuity can be removed 
by non-linear effects as a result of the screening of the helicity-O mode at observable 
scales, which on the other hand would make the theory compatible with the known 
empirical data [5]. But because of the same non-linearities the theory is afflicted 
with ghost sometimes called the Boulware-Deser mode. Although it is infinitely 
heavy in a Minkowski space, it emerges as a light sixth degree of freedom on any 
locally nontrivial background [71 El [9]. 

The easiest way to see this is to proceed in analogy with a massive non-Abelian 
vector field [10J. In massive gravity, after taking the decoupling limit0 dU 

m ->■ 0, M p i -> oo, A 5 = (M p/ m 4 ) 1/5 - fixed, (1) 

with m the mass of graviton, the helicity-O mode, (p, decouples from the rest of the 
constituents of the physical graviton and is described by the following schematic 
Lagrangian 

To see the existence of more than one degree of freedom in the theory given by fl2}, 
one could notice that there appear fourth derivatives of ip in equations of motion, 
meaning that the two initial conditions are not enough for the Cauchy problem to 
be well-defined [8J. Moreover, on a locally nontrivial background with □</? oc T ^ 0, 
the cubic interaction could generate the four derivative quadratic term (d 2 ip) 2 in 
effective action. This will lead to the existence of a ghost which is light enough for 
making the theory ill-defined before it reaches the strong coupling regime [7J. 

However recently in [12] it was realized that the particular completions of Fierz- 
Pauli that have the highest possible high energy cutoff (A 3 = (M^m 2 ) 1 / 3 ) are ghost- 
free at least in the decoupling limit (when A 3 is fixed and M p i — > oo and m — > 0). 
This provides us with a necessary condition that must be satisfied by any theory of 
massive gravity to be stable. 

It is therefore reasonable to ask whether a given model fulfills this criterion, and 
we try to answer this question for the rather attractive candidate of mass generation 
through Higgs mechanism |13[ IT4] [TB^ IT5] . The crucial observation is that while 
a homogeneous Higgs condensate can only give rise to cosmological constant, a 
coordinate dependent one generates different non-derivative graviton self-couplings 



lr rhis limit corresponds to the m <C E < A5 energy range. 
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via the Higgs kinetic term that necessarily involves metric. In particular [14J and 
[15] have proposed models which reproduce the correct Fierz-Pauli mass term up to 
quadratic order, and in [TB] possible extensions of [15J to get lower Vainshtein radius 
[I] has been studied. 

We first briefly review the effective theory of massive gravity [IT] and the findings 
of [TJ. Defining 

Hfiv = 9vv - d^d^TjAB, (3) 

where A, B — 0, 1, 2, 3, t\ab — diag(— 1, 1, 1, 1) and (f> A transform as scalar fields un- 
der the general coordinate transformations, a gauge invariant Lagrangian for massive 
gravity can be constructed in the following way 

m 2 M 2 

C = MiV=gR - -^V^g V Or, H, u ) . (4) 
Here V{g^ v , H^ u ) is a polynomial in H^ u and up to the cubic order is given by 

V{H^ U ) = Hi -H 2 + Cl H% + c 2 HHl v + c 3 H 3 + 0(tf 4 ), (5) 

with all indices contracted using g^ v . This theory possesses the following background 
solution 

9v» = ri„v, <p A = 6^. (6) 

Considering perturbations h^ v = g^ — r]^ u and 7r Q = x a — <p a one obtains 

= h^v + d^-Ky + d u ix^ - d^7i a d u n a , (7) 

with n a = rjapTT 13 . Note that in the unitary gauge n a is set to zero, so that H^ u = h^ u , 
and the potential (j^J) gives the correct ghost-free quadratic Fierz-Pauli term. 

The dynamics of helicity-0 and helicity-1 modes can be extracted by making the 
decomposition 

7i a = A a + d a <p , (8) 

in H^. Doing so in pure Fierz-Pauli action, m 2 M 2 z (if 2 — if 2 j,)/4, one can see that 
the kinetic term for ip is obtained from the mixing ipijj^n — d ll d u )h' iu . After diag- 
onalization, canonical normalization ip c = Aft/?, and keeping only the most strongly 
coupled interactions, the Lagrangian for ip becomes [11] 

= ~\(d^ c ) 2 + ^|[( n ^ c ) 3 - H^{d^f\ . (9) 

The interactions of the form (d 2 (p) 3 , however, result in a ghost [7, 8J. 

The observation of [12J was that if one tunes the coefficients in the expansion of 
V to all orders, so as to push the cutoff to A3 = (M p ;m 2 ) 1//3 then 
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i) The dangerous terms (d 2 ip) n , that may give rise to a ghost on a local back- 
ground vanish from the Lagrangian, up to total derivatives. 

ii) In the new decoupling limit: 

m — >■ 0, M p i -> oo, A 3 - fixed, (10) 

the Bianchi's identities continue to hold. That is, the terms which mix helicity-0 
and helicity-2, h^X^ip), satisfy the transversality condition d^X^ = 0. Here X^ v 
is a symmetric tensor which is a function of the longitudinal degree of freedom and 
is given in [T2| [T7] . 

These two points guarantee the absence of the ghost in the decoupling limit (ITUj) . 
For instance the fine-tuned cubic coefficients selected in this way ara^l 

1 1 

ci = 2c 3 + -, c 2 = -3c 3 --. (11) 



Unitarity Check 

We use this result to analyze the models of [H] and |15[ [16]. To this end the 
unitary gauge, in which all auxiliary fields have been absorbed inside the metric 
perturbations, provides the best framework since it unifies all different possible ways 
of introducing scalars (or pions in the language of effective theory |11]). 

In [15] the dynamical generation of the graviton mass term is achieved by adding 
four scalar fields <f> , A = 0, 1, 2, 3, with high-derivative interaction terms to general 
relativity. These terms are considered to be a function of the following field space 
tensor 

H AB = g^d^d^, (12) 

with field space indices being raised and lowered by t]ab = diag(— 1, 1, 1, 1). The 
Lagrangian is then given by 

m 2 M 2 

£ = M>V=gR + —^J=9 v (H AB ) , (13) 

^(0=s((V) 2 -lj -Hffi, (14) 

where H = t]abH ab , and = H A — \5 A H denotes the traceless part of H AB . The 
background solution of the equations of motion which corresponds to the Minkowski 
space is given by (E]). 

For further analysis it is useful to rewrite the Lagrangian in terms of a new 
variable h AB = H AB — r\ AB . The latter field redefinition is useful because it vanishes 

2 It is worth mentioning that one particular set of coefficients corresponding to C3 = 1/4 has 
been obtained in [18J, in the framework of auxiliary extra dimension of [19, 20J. 
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on vacuum ([6]), thus making it easy to truncate the expansion of the potential at 
desired order. The expression for the potential (j!4j) in terms of the new variable 
reads 

V=(¥- h A h B ) + + (15) 

And in general, any V(H ) can be expanded in terms of products of monomials of 
the form 

- h A lBl -^B^^ ^ (16) 

But in unitary gauge, ( fl~2"l) implies that h AB = g AB — r] AB so that 

VAch CB = VAc(9 CB - V CB ) = -9 CB (9ca - Vca) = -g CB h CA = -g CB 5»5 A H^ ,(17) 

with H^y defined in ([3]). Notice that the first and last equalities hold only in unitary 
gauge. Therefore in this gauge 

- h A lBl h A " B " VBnAl . . . VBn _ lAn = (-ir# Mm . . . H, nVn g^ . . . g*-v* (18) 

and any potential written in terms of h AB can readily be translated in terms of H^ u 
and its coefficients be compared to (]5]). In particular (Tl5|) propagates ghosts beyond 
quadratic order, because it does not coincide with ([5]) for any value of C3, after taking 
into account ( TTTj) . In the appendix we will show that ([18]) holds in arbitrary gauge 
which means that the scalar fields introduced to restore diffeomorphism invariance 
are closely related in two theories. 

In [TB] the problem of constructing potentials V(H AB ) with smaller Vainshtein 
radius (Ry) around a static source of mass M , (or equivalently larger high energy 
cut-off) has been studied. It was observed that while in the original model Ry = 
(Mo/M^m 4 ) 1 / 5 (corresponding to a cut-off equal to A5 = (M p ;m 4 ) 1//5 ), it can be 
lowered by order by order adjustment of terms in the perturbative expansion of 
V(h AB ), until the asymptotic value of R v = (Mo/M^m 2 ) 1 ^ 3 (cut-off equal to A 3 = 
(Mp^m 2 ) 1 / 3 ) is reached. However according to [12] the only completion of Fierz- 
Pauli that is potentially ghost-free is the one with the cut-off pushed to the highest 
possible value, namely A 3 . Therefore we expect all completions of V(h AB ) except 
the very last one with A 3 cut-off to suffer from ghosts. 

The massive gravity proposed in [14J is also based on high derivative kinetic 
terms for a set of scalar fields <fi A , A = 0, 1, 2, 3. With a little change of notation 
and restriction to AD, the Lagrangian is considered to be given by 

Sy = J d'x^g (M 2 pl R - |M> 2 W(y, U/J=g)) , (19) 

Y = g^Y^ = g^d^d^VAB (20) 

U = \^ vp °d^ A d v $ B d^ c d^ D € ABC D = V-det(V) . (21) 
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The potential Vy is chosen in a way to yield the background solution ([6]). 

This theory may be compared to (j3J) in unitary gauge in which the perturbations 
of (ft fields vanish and Y^ u = r]^. To this end it is necessary to expand y/—g as well 
as Vy in terms of metric perturbations since the latter, in general, contains constant 
and linear terms in h^ v . As an illustration we consider the simplest possible potential 
that gives rise to Fierz-Pauli on a Minkowski background at quadratic level, namely 
Vy — A + Y + XY 2 with A = —2 and A = —1/12. After proper normalization, to 
cubic order 

6y/=gVy = 4 + hl-h 2 - + 2hh% - ^h 3 + O(h') , (22) 

while flU),© and (HU lead to 

V^V = h\ v -h 2 + ^2c 3 - h\ v - (3c 3 - 2) hh\ v + L -^jh 3 + 0(h 4 ) , (23) 

where all contractions have been done with rf" (note that g^ u had been used for 
contraction in flSJ)). Equations (I22p and (T2"3"j) do not coincide for any value of C3, 
therefore the dynamics of the helicity-0 mode in the decoupling limit is schematically 
given by (j2J), resulting in a ghost at cubic level. Note that the inclusion of higher 
order terms in the expansion (1221) cannot cure the instability since their contributions 
to (j2J) are suppressed by higher scales. Nevertheless it is in principle possible to 
construct Vy such that it reproduces the expansion ( 1231) . 

We would also like to make a general comment regarding Higgs mechanism. If 
the mechanism is indeed higgs-like there must be heavy degree(s) of freedom (higgs 
bosons) that unitarize amplitudes at high energy. In other words, with increas- 
ing energy, operators with dimension > 4 become more and more important and 
eventually the theory of massive gravity becomes strongly coupled, unless the higgs 
boson starts to contribute and keeps the theory perturbative. Otherwise graviton 
ceases to exist as an asymptotic degree of freedom. The models shown to have ghost 
are similar to the Fierz-Pauli gravity in the sense that the only candidate for the 
above mentioned heavy degree of freedom is a ghost [S]. On the other hand the pro- 
cedure of reducing the Vainshtein scale, outlined in [16] tends to remove the ghost 
order by order in the decoupling limit, leaving only five degrees of freedom which 
become strongly coupled in the vicinity of A 3 . Hence the models discussed should 
be considered as effective field theoretic descriptions of massive gravity rather than 
the Higgs mechanism for it. 

Is the Ghost a Result of Bad Parametrization? 

One may wonder whether the ghost appearing in theories of massive gravity with 
non-tuned coefficients is an artifact of the Stiickelberg parametrization (jSJ), since 
it contains time derivatives. Here we show, using another parametrization of ir a 
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without time derivatives, that once auxiliary fields are integrated out the presence 
of ghost becomes evident and therefore it is not a byproduct of parametrization. As 
an illustration first consider the Lagrangian of a massive vector field amended by a 
new quadratic term 

£ = -\F% - \m*A\ + \a{d»A»Y . (24) 

Substituting = a p + d^ip, the last term gives rise to a high derivative kinetic 
term for p. In particular after canonical normalization, p c = rrup, and taking the 
decoupling limit m, a — > with a/m 2 = const one obtains 

X X 1 

decouple = -^F uu (a^) 2 - -{d^pf + - — (Dip) 2 , (25) 

which clearly describes four degrees of freedom, one of them being a ghost. 

On the other hand consider the parametrization A = \ and Ai = aj + dip 
with didj = 0. Inserting this into (124"|) . the Lagrangian for the scalar fields, which 
decouple from a[ due to transversality of the vector mode, becomes 

Cscaiar = ~(<9^ - d %X f + \m 2 [ X 2 - (d^) 2 } + ~a( X - ^? ■ (26) 

However after integrating out \ an d taking the decoupling limit this reduces to the 
second and third terms on the r.h.s. of (l25l) . In this limit \ — <Pi therefore (p in the 
second decomposition becomes equivalent to tp in the first one. 

The situation is similar in massive gravity. Substituting (J7|) in Fierz-Pauli term 
one obtains up to quadratic order 

\m 2 M 2 pl {H 2 -Hl u ) = 

,2 



K [\(h 2 - h\ v ) + hd^ - hTd^„ - i(d,7r u - d u -K^) 2 + cubic] , (27) 



where indices are raised by if . Instead of OH]), 7r /t may be decomposed into 3-scalar 
and 3-vector parts in the following non-covariant way 

tto = X , 7Ti = aj + di<p. (28) 

The part of (I27j) which contains \ then reads 

'1 



C x = m 2 M 2 pl 



(dip - dixf ~xh + d^xK + cubic 



(29) 



and varying with respect to x one finds 

1 

A 



X = p + —(h — O^Hq) + quadratic . (30) 



The appearance of <p on the r.h.s. ensures that after substituting ( 1301) back in (I27jl 
and taking decoupling limit one recovers ([H]) for (p. To see this more explicitly note 
that 
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i) There remains no pure kinetic term for Cp (due to cancellation of linear terms 
in Cp in the structure diCp — d,i\ appearing in (129 j) ) rather it kinetically mixes with 
h^ u via (piyiuv^ ~ d^d v )h^ u . Therefore the canonical normalization for Cp is the same 
as cp in (JB||j, i.e. Cp c = A^Cp. This similarity continues to hold for the vector modes, 
namely a\ = mMpicii. 

ii) Suppose for the moment that 

X = $- (31) 
In order to get the most relevant interactions in (I27|) we can limit ourselves to 

m 2 Mp l [d f ,TT f ,(d a TTf S ) 2 - d^yd^HadyTXa] , (32) 

with all indices contracted by T] tiu '. The reason is that all other terms either contain 
powers of h^ v or are of quartic order in 7r^, and vanish in the decoupling limit ([1]). 
As an example of the first case consider m 2 M 2 l h(d tl 7r tl ) 2 , it schematically contains 
the following terms 

m 2 M 2 l h(da) 2 , m 2 M^dad 2 Cp) , m 2 M 2 l h(d 2 C3) 2 , (33) 

which after canonical normalization are suppressed by M p i, mM p i and m 2 M p i respec- 
tively. Quartic interactions, like m 2 M 2 l (d fl Tr fl ) 4: , lead to terms that are suppressed 
at least by M^m 6 . All these scales go to infinity in decoupling limit ([T|) and the 
corresponding interactions vanish. Substituting (l3~Tj) in (132]) and ignoring terms 
containing <2j (as justified above) is equivalent to writing 

7ty = df.ip. (34) 

Therefore one recovers the cubic part of 

iii) Because of the cancellation of the linear terms in Cp, mentioned in (i), the 
quadratic corrections in (130)) contribute only to cubic terms of the form h(d 2 (p) 2 
and higher order terms. However all of them can be ignored for reasons similar to 
what was explained in (ii). Consequently the most relevant Lagrangian (the one 
that survives in decoupling limit) is 

It is easy to show that the parametrizations ([S]) and ( I28p are physically equivalent 
regardless of the form of the potential V(H^ V ): In Coulomb gauge (<9;v4j = 0), the 
Lagrangians obtained using ([8]) and (128]) are the same, except that Aq + Cp in the first 
is replaced by \ in the second. Thus, integrating out Aq and \ from corresponding 
Lagrangians result in identical theories since the solution for \ is Cp plus the solution 
for Ajj. Therefore, although parametrizations which contain time derivative seem 
to introduce fake ghosts in the theory, the one caught in [S] is not of this kind 
because ([8]) is invariant under a new U(l) gauge symmetry. 

3 There are quadratic corrections to the action, of the form m 2 M^d^h) 2 / A but they are 
negligible compared to Einstein-Hilbert action as m — > 0. This also implies h c ~ M p ih. 

4 Bccause of the relative suppression of terms containing a^, we ignore them from now on. 
5 With cp replaced by (p, and Ai by a^. 



7 



Acknowledgments 

We are grateful to Gregory Gabadadze for enlightening discussions. We would also 
like to thank Viatcheslav Mukhanov for interesting comments. LB is thankful to 
Gia Dvali for his support through David and Lucile Packard Foundation Fellow- 
ship. MM was partially supported by the NSF (grant AST-0908357), NASA (grant 
NNX08AJ48G), and the NYU James Arthur graduate fellowship. 

Appendix 

In this section we derive the above mentioned equivalence relation (118jl . Just to 
reiterate, the expressions for H^ u and h AB are given by 

Hf, u = g^ v - d^(f) A d u (f) B r] AB , (35) 
h AB = g^d^d^ - V AB . (36) 

In what follows all repeated space-time indices are contracted by inverse metric g^, 
while the field-space ones by r] AB . We also adobt a notation [. . .] to denote the trace 
of the tensor. It is easy to check that the following identities hold 

H = H^sT = ~h AB VAB = ~h, [ffJJ = [his] • (37) 

Taking this into account, we can use induction to prove the identity [H™^ 1 ] = 
(-lr+^AB 1 ], assuming 

[H; v ] = {-l) n [h n AB }. (38) 
A simple calculation shows that 

= [H; v ] + H;- 2 g^g^d^ A d^ c h AB h BC = ... 

= [H; u ] + (-l) k+1 H;- k g^g^d^ A d v <p B h k AB . (39) 



From the last equality one obtains [H™+ 1 ] = [H™ u ] - {-l) n [h n AB \ + (-l)^ 1 ^ 1 ], 
which after using (13"g|) reduces to (ITS]) . 
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